This paper considers the degree-diameter problem for undirected circulant graphs. For degrees 10 and 11 newly discovered families of circulant graphs of arbitrary diameter are presented which are largest known and are conjectured to be extremal. They are also the largest-known Abelian Cayley graphs of these degrees. For each such family the order of every graph in the family is defined by a quintic polynomial function of the diameter which is specific to the family. The elements of the generating set for each graph are similarly defined by a set of polynomials in the diameter. The existence of the graphs in the degree 10 families has been proved for all diameters. These graphs are consistent with a conjecture on the order of extremal Abelian Cayley and circulant graphs of any degree and diameter. This is the extended version of the paper, including the proof steps for degree 10 graphs covering all diameter classes and an appendix listing additional tables of generating sets.
Introduction
The degree-diameter problem is the problem of finding graphs with the largest possible number of vertices n(d, k) for a given maximal degree d and diameter k. We will call such graphs extremal graphs. From the literature it is seen that this problem has been tackled for undirected, directed and mixed graphs. In addition to the general case various subproblems have also been explored, including vertex-transitive graphs and Cayley graphs. For a general background on the degree-diameter problem see the comprehensive survey by Miller andŠiráň [6] and the tables of largest-known graphs on the CombinatoricsWiki website [2] .
Only in relatively few cases are the largest-known graphs believed to be extremal, typically restricted to degree 3 for small diameter or diameter 2 for small degree. Circulant graphs, which are Cayley graphs of cyclic groups and therefore highly structured, are a noteworthy exception. In this paper CC(d, k) denotes the order of an extremal undirected circulant graph of degree d and diameter k, and AC(d, k) similarly for Abelian Cayley graphs. L CC (d, k) is the order of the largest-known circulant graph when the extremal order is unknown. For even degree d, if L CC (d, k) is even we additionally define L OC (d, k) to be the order of the largest-known graph of odd order.
Infinite families of extremal undirected circulant graphs have been identified and proven extremal by various authors for degrees d = 2, 3, 4 and 5, with order CC(d, k) defined by a polynomial in the diameter k for any diameter [3] . Similar families of largest-known circulant graphs of order L CC (d, k) were discovered for degree 6 by Monakhova in 2003 [7] and independently by Dougherty and Faber, also for degree 7, in 2004 [3] .
It happens that CC(2, k), CC(4, k) and L CC (6, k) are all odd for any diameter k. Families of largest-known degree 8 graphs of odd order L OC (8, k) were discovered by Monakhova in 2013 and conjectured to be extremal [8] . However Monakhova had limited her search to odd order graphs because of a 1994 paper by Muga in which he mistakenly claimed that any extremal circulant graph of even degree and arbitrary diameter has odd order [9] . The argument was flawed and the smallest counterexample is the extremal graph of degree 8 and diameter 3, which has order 104. Families of largest-known graphs of degree 8 and 9 were discovered by the author in 2014 [4] . For degree 8, these graphs have even order for any diameter k ≥ 3.
These circulant graph families of degree 6 to 9 all remain largest known to date. They have been proven by computer search to be extremal for small diameters, and they are conjectured to be extremal for all larger diameters. For details of their order, generating sets and range of proven extremality see [4] . The main result of this paper is the construction of infinite families of largest-known circulant graphs of degree 10 and 11, with order and generating sets defined by polynomials in the diameter, which are conjectured to be extremal.
A circulant graph is so called because its adjacency matrix is a circulant matrix. As mentioned, a circulant graph X of order n may also be viewed as a Cayley graph whose vertices are the elements of the cyclic group Z n . Two vertices i, j are connected by an arc (i, j) if and only if j − i is an element of C, a subset of Z n \ 0, called the connection set. We may also denote the graph by X(Z n , C). If C is closed under additive inverses then X is an undirected graph, and in this paper we will only consider undirected graphs. By definition such a graph is regular, with the degree d of each vertex equal to the cardinality of C. If n is odd then Z n \ 0 has no elements of order 2. Therefore C has even cardinality, say d = 2f , and comprises f complementary pairs of elements with one of each pair strictly between 0 and n/2. Any set of size f containing exactly one element from each pair is sufficient to uniquely determine the connection set and is called a generating set. Without loss of generality in this paper we will choose the generating set which is comprised of the f elements of C between 0 and n/2 as the canonical generating set G for X. If n is even then Z n \ 0 has just one element of order 2, namely n/2. In this case C comprises f complementary pairs of elements, as for odd n, with or without the addition of the involutory element n/2. If C has odd cardinality, so that d = 2f + 1, then the value of its involutory element is defined by the value of n. Therefore for a circulant graph of given order and degree, its connection set C is completely defined by specifying its generating set G. The cardinality of the connection set is equal to the degree d of the graph, and the cardinality of the generating set, f , is defined to be the dimension of the graph.
Clearly if every element of a generating set is multiplied by a constant factor that is coprime with the order of the graph then the resultant set will also be a generating set of a graph which is isomorphic to the first. Therefore the isomorphism class of a circulant graph could have a number of different generating sets. Not all isomorphism classes of circulant graphs have a primitive generating set (where one of the generators is 1). An example of an extremal circulant graph with no primitive generating set is the graph with degree 9, diameter 2, order 42 and generating set {2, 7, 8, 10}. For simplicity, where a graph has at least one primitive generating set then we will only consider the primitive sets. In fact it emerges that every family of extremal or largest-known circulant graphs so far discovered has at least one primitive generating set.
Conjectured order of extremal Abelian Cayley and circulant graphs of any degree and diameter
We briefly review general upper and lower bounds for the order of extremal Abelian Cayley and circulant graphs of arbitrary degree d and diameter k. For Abelian Cayley graphs, and thus in particular for circulant graphs, an upper bound that is much sharper than the general Moore bound was established for even degree by Wong and Coppersmith in 1974 [11] and further sharpened by Muga in 1994 [9] . Dougherty and Faber developed an equivalent upper bound for odd degree in 2004 [3] .
For positive integers f, k, we define S f,k to be the set of elements of Z f (the f -dimensional direct product of Z with itself) which can be expressed as a word of length at most k in the canonical generators e i of Z f , taken positive or negative. Equivalently, S f,k is the set of points in Z f distant at most k from the origin under the ℓ 1 (Manhattan) metric: S f,k = {(x 1 , ..., x f ) ∈ Z f : |x 1 | + ... + |x f | ≤ k}. Within the literature on coding theory and tiling problems S f,k is often called the f -dimensional Lee sphere of radius k, although it appears more diamond-like than spherical, having the form of a regular dual f -cube.
For an Abelian Cayley graph of degree d and diameter k, and corresponding dimension f = ⌊d/2⌋ , Muga's and Dougherty and Faber's upper bounds are defined by:
where, by [10] ,
For even or odd degree, this is a polynomial in k of order f :
For even degree both the leading and second terms are identical to those of the Abelian Cayley graph lower bound DF AC (d, k). Furthermore, the first two coefficients for both even and odd degree are the same multiple R f = 2 f −1 (f !/f f ) of the corresponding terms for the Abelian Cayley upper bound
If Conjecture 1 is true for dimension 5 then this would give the following formulae for the order of extremal circulant graphs of degree 10 and 11:
As mentioned, this paper presents the construction of infinite families of largest-known circulant graphs of degree 10 and 11. The formulae for the order L CC (10, k) and L CC (11, k) of these graphs are quintic polynomials in the diameter with leading and second terms that match those from Conjecture 1. They are conjectured to be extremal for all diameters above defined thresholds.
3 Largest-known circulant graphs of degree 10
The process followed to discover the largest-known degree 10 and 11 graphs and the quintic polynomials in the diameter that define their orders and generating sets was an extension of the methods used by Dougherty and Faber for the degree 6 and 7 families and by the author for degrees 8 and 9. It involved a combination of four methods: application of the extremal order conjecture (Conjecture 1), analysis of the largest-known families of smaller degree to discover common features that may extrapolate, computer searches that needed to be increasingly sharply focused as the diameter increased, and a measure of inspiration and pattern recognition.
The extremal order conjecture implied that the extremal graphs of degree 10 would have order defined by quintic polynomials in the diameter, one for each diameter class k (mod 5), and also specified their common first two coefficients, reducing the degrees of freedom accordingly. As with the approach for degrees 6 to 9, for small diameter the extremality of the graphs was confirmed by conducting a computer search using feasible generating sets for graphs of every order up to the upper bound. However the number of possible permutations of elements for generating sets of dimension 5 increases rapidly with diameter, quickly exceeding available computing power. For degree 10 the graphs could only be proven extremal up to diameter 5, which provided a maximum of only one graph as the basis for each of the five presumed families.
From an analysis of the largest-known families of smaller degree, common factors were discovered that were tentatively assumed to remain valid, greatly reducing the search space for the computer runs. For example, as mentioned earlier, every graph in a largestknown circulant graph family up to degree 9 has a primitive generating set, so that the computer searches were set to fix one of the generators at 1, eliminating a degree of freedom. Although all Abelian Cayley graphs have girth 3 or 4 by definition, all the largest-known families have an odd girth that is maximal (2k + 1), and so the computer searches were restricted to maximal odd girth, which reduced the run-time significantly. Also for each degree d ≤ 9 the order polynomials for the families for diameter k ≡ 0 (mod f ) have value 0 or 1 for k = 0 depending on the parity of the order of the family, again reducing the degree of freedom. It was also observed that generating sets of largestknown families often include pairs of generators differing by a small value that increases linearly with diameter. Where this was found to occur for a single graph in a family, the subsequent search for other graphs in the prospective family was restricted to include such pairs, further reducing the degree of freedom. Even utilising these and other similar techniques, the process remained complex and timeconsuming. Each newly-discovered graph became a potential member of its family, restricting the freedom of the corresponding order polynomial and further sharpening the search for the next graph in the family. Any subsequent search failure would require backtracking to eliminate a candidate graph and initiate a search for the next candadiate. However the challenge eventually yielded to the effort as each graph family in turn was completed, for degree 10 and similarly for degree 11. The largest-known degree 10 circulant graphs up to diameter 16, as discovered by the author, are shown in Table 1 .
For each diameter there is a single isomorphism class of largest-known graphs, each with at least one primitive generating set. For diameter k ≥ 4 it emerges that these isomorphism classes are partitioned into five families according to the value of k (mod 5). Note that for diameter k ≡ 1 or 3 (mod 5), when k ≥ 6 the largest-known graphs have even order. For completeness the largest-known degree 10 circulant graphs of odd order L OC (d, k) and diameter k ≡ 1 and k ≡ 3 (mod 5) are also included in the table, as classes 1(odd), 3(odd)a and 3(odd)b.
The following quintic polynomials in k determine the order of these families of largestknown graphs for
for k ≡ 1 (mod 5) (512k 5 + 1280k 4 + 6080k 3 + 7840k 2 + 10010k + 3741)/3125 for k ≡ 2 (mod 5) (512k 5 + 1280k 4 + 6560k 3 + 7600k 2 + 4180k + 1344)/3125 for k ≡ 3 (mod 5) (512k 5 + 1280k 4 + 6400k 3 + 8640k 2 + 6890k + 757)/3125 for k ≡ 4 (mod 5)
The families of largest-known graphs of odd order for diameter k ≡ 1 and k ≡ 3 (mod 5) have order given by the following quintics. L OC (10, k) = (512k 5 + 1280k 4 + 5760k 3 + 9920k 2 + 6450k − 2047)/3125 for k ≡ 1 (mod 5) (512k 5 + 1280k 4 + 5760k 3 + 8800k 2 + 4830k + 819)/3125 for k ≡ 3 (mod 5)
The graphs of all these families have orders that share common leading and second coefficients, 512/3125 and 1280/3125, consistent with Conjecture 1. These expressions may be greatly simplified by replacing the diameter k with a parameter a = (4k + c)/5 where the value of c depends on k (mod 5) and is chosen to ensure a remains integral, and presented in so-called a-format, see Table 2 .
These formulae define the order L CC (10, k) of the largest-known circulant graphs of degree 10 for any diameter k ≥ 4. For diameter k ≤ 3, the graphs with order defined by these formulae are not extremal. For k = 2 the formula gives a graph of order 45 whereas the extremal order is 51, and for k = 3 the formula gives 156 instead of 177. The existence of these graph families for all k ≥ 4 is proved in Section 5. They are the largest degree 10 circulant graphs discovered for any k ≥ 4 and are conjectured to be extremal.
As mentioned, there is one family of graphs for each diameter class k (mod 5), so five in total. Within each family there is one isomorphism class of graphs with largest-known order for each diameter. In general for any circulant graph of order n the maximum Order L OC (10, k)
number of primitive generating sets for graphs in the same isomorphism class is equal to the dimension f of the graph. This is because for each generator in the set there is a factor in Z n such that the product equals 1 if and only if the generator is coprime with n. For example, consider the primitive generating sets for diameters k = 5 and k = 10, enumerated in Table 3 . For diameter k = 5 there are five primitive generating sets for the isomorphism class, but only four for diameter k = 10 because the generator 2495 in Set 1 is not coprime with the order 22805. For diameter k ≡ 0 (mod 5), isomorphism class 0 has between 3 and 5 primitive generating sets, depending on the value of k. Generating sets 1 and 2 are defined by formulae valid for every k ≡ 0 (mod 5), and set 3 is comprised of three subsets of formulae valid for k ≡ 0, 5 and 10 (mod 15), see Table 4 . Set 4 has four subsets valid for k ≡ 0, 5, 15 and 20 (mod 25), omitting k ≡ 10 (mod 25), see Table 5 . Set 5 has 16 subsets valid for each k (mod 85) with the exception of k ≡ 60 (mod 85). An example of set 5 for k ≡ 0 (mod 85) is included in Table 4 , with the complete listing given in Tables 13 and 14 in the appendix. Table 4 : Generating sets 1 to 3 and one example for set 5 for degree 10 graphs of class 0: diameter k ≡ 0 (mod 5).
Generator Gen set 1, k ≡ 0 (mod 5) Gen set 2, k ≡ 0 (mod 5) 
For diameter k ≡ 1 (mod 5), isomorphism class 1 has just one primitive generating set, as shown in Table 6 , defined by formulae valid for every k ≡ 1 (mod 5).
For diameter k ≡ 2 (mod 5), isomorphism class 2 has 1 or 2 primitive generating sets, depending on the value of k, as shown in Table 7 . Generating set 1 is comprised of two subsets of formulae valid for k ≡ 2 and 7 (mod 15) omitting k ≡ 12 (mod 15). Set 2 also has two subsets valid for k ≡ 7 and 12 (mod 15), omitting k ≡ 2 (mod 15). Generator Gen set 1, k ≡ 2 (mod 15) Gen set 1, k ≡ 7 (mod 15)
( 1 -1 5 -7 4 -6 ) /6 ( 1 -1 7 -7 6 -6 ) /6 g 5
( 1 -1 8 -7 13 -6 ) /6 ( 1 -1 7 -7 12 -6 ) /6
Gen set 2, k ≡ 7 (mod 15) Gen set 2, k ≡ 12 (mod 15)
( 1 1 Generator Gen set 1, k ≡ 3 (mod 5)
For diameter k ≡ 3 (mod 5), isomorphism class 3 has just one primitive generating set, as shown in Table 8 , defined by formulae valid for every k ≡ 3 (mod 5).
For diameter k ≡ 4 (mod 5), isomorphism class 4 has between 3 and 5 primitive generating sets, depending on the value of k. This replicates exactly the pattern of generating sets for isomorphism class 0, and the sets are all tabulated in the appendix. Generating sets 1 and 2 are defined by formulae valid for every k ≡ 4 (mod 5), and set 3 is comprised of three subsets of formulae valid for k ≡ 4, 9 and 14 (mod 15), see Table 15 . Set 4 has four subsets valid for k ≡ 4, 9, 19 and 24 (mod 25), omitting k ≡ 14 (mod 25), see Table 16 . Set 5 has 16 subsets valid for each k (mod 85) with the exception of k ≡ 24 (mod 85), see Tables 17 and 18 .
Largest known circulant graphs of degree 11
The same process was followed to discover the largest-known degree 11 graphs and the quintic polynomials in the diameter that define their orders and generating sets as for degree 10. The largest-known degree 11 circulant graphs up to diameter 16 are shown in Table 9 . For diameter k = 2 there are five distinct isomorphism classes, one of which does not have a primitive generating set. For k = 3 there are two classes, including one with no primitive generating set. For higher diameters there is a single isomorphism class, with a primitive generating set, except for diameters k = 6, 11 and 16, where there are two isomorphism classes. For diameter k from 5 to 16, these graphs may be partitioned into five families of isomorphism classes according to the value of k (mod 5). The following quintic polynomials in k determine the order of these families of graphs.
for k ≡ 1 (mod 5) (1024k 5 + 10240k 3 + 640k 2 + 5140k − 2528)/3125 for k ≡ 2 (mod 5) (1024k 5 + 10240k 3 − 640k 2 + 5140k + 2528)/3125 for k ≡ 3 (mod 5) (1024k 5 + 8960k 3 + 5120k 2 + 740k − 6896)/3125 for k ≡ 4 (mod 5)
Graphs with these orders have been constructed for all diameters up to k = 100. They are the largest degree 11 circulant graphs discovered for any k ≥ 5 and are conjectured to be extremal. Above diameter k = 100, the existence of graphs with these constructions has not been confirmed. However they are conjectured to exist and be extremal for all higher diameters. The graphs of all these families have orders that share common leading and second coefficients, 1024/3125 and 0, consistent with Conjecture 1. As for degree 10, these expressions may be simplified by replacing the diameter k with a variable a that depends on the value of k (mod 5), see Table 10 . Table 10 : Order of largest known circulant graphs of degree 11 for any diameter k ≥ 5.
Diameter Order L CC (11, k) Isomorphism k (mod 5) in bracket notation* where classes
( 1 2 8 8 5 2)
For diameter k ≤ 4, the graphs with order defined by these formulae are not extremal. For k = 2, 3, 4 respectively, the formulae give graphs of order 40, 172 and 544 whereas the extremal orders are 56, 210 and 576. For diameter k ≥ 5 there is one isomorphism class of families of graphs of order L CC (11, k) for each k (mod 5) except for k ≡ 1 (mod 5) which has two isomorphism classes, labelled 1a and 1b in Table 9 .
For diameter k ≡ 0 (mod 5), isomorphism class 0 has 1 or 2 primitive generating sets, depending on the value of k, as shown in Table 11 . Generating set 1 is comprised of two subsets of formulae valid for k ≡ 0 and 10 (mod 15) omitting k ≡ 5 (mod 15). Set 2 also has two subsets valid for k ≡ 0 and 5 (mod 15), omitting k ≡ 10 (mod 15). Table 11 : Generating sets for degree 11 graphs of class 0: diameter k ≡ 0 (mod 5).
Generator Gen set 1, k ≡ 0 (mod 15) Gen set 1, k ≡ 10 (mod 15)
Gen set 2, k ≡ 0 (mod 15) Gen set 2, k ≡ 5 (mod 15)
For diameters k ≡ 1 to 4 (mod 5) the tables of generating sets are found in the appendix.
For diameter k ≡ 1 (mod 5), isomorphism class 1a has 1 to 4 primitive generating sets, depending on the value of k. Generating set 1 is comprised of five subsets of formulae valid for k ≡ 1, 6, 11, 16 and 21 (mod 25), and generating set 2 has four subsets for k ≡ 1, 6, 16 and 21 (mod 25), omitting k ≡ 11 (mod 25), see Table 19 . The formulae for generating sets 3 and 4 repeat with diameter increments of 65 and 85 respectively. Set 3 has 12 subsets valid for each k (mod 65) with the exception of k ≡ 26 (mod 65), and set 4 has 16 subsets valid for each k (mod 85) with the exception of k ≡ 46 (mod 85). For sets 3 and 4 just one example of each is given in Table 20 .
Also for diameter k ≡ 1 (mod 5), isomorphism class 1b has 2 to 4 primitive generating sets, depending on the value of k. Generating sets 1 and 2 are valid for every k ≡ 1 (mod 5), see Table 21 . Generating set 3 has six subsets valid for k ≡ 1, 6, 16, 21, 26 and 31 (mod 35), omitting k ≡ 11 (mod 35), see Table 22 . The formulae for generating set 4 repeat with diameter increments of 65. There are 12 subsets valid for each k (mod 65) with the exception of k ≡ 46 (mod 65).
For diameter k ≡ 2 (mod 5), isomorphism class 2 has between 3 and 5 primitive generating sets, depending on the value of k. Generating sets 1 and 2 are defined by formulae valid for every k ≡ 2 (mod 5) and set 3 is comprised of three subsets of formulae valid for k ≡ 2, 7 and 12 (mod 15), see Table 23 . Set 4 has four subsets valid for k ≡ 7, 12, 17 and 22 (mod 25), omitting k ≡ 2 (mod 25), see Table 24 . Set 5 has 16 subsets valid for each k (mod 85) with the exception of k ≡ 18 (mod 85), see Tables 25 and 26 . This replicates exactly the pattern of degree 10 isomorphism classes 0 and 4.
For diameter k ≡ 3 (mod 5), isomorphism class 3 has between 3 and 5 primitive generating sets, depending on the value of k. Generating sets 1 and 2 are defined by formulae valid for every k ≡ 3 (mod 5) and set 3 is comprised of three subsets of formulae valid for k ≡ 3, 8 and 13 (mod 15), see Table 27 . Set 4 has four subsets valid for k ≡ 3, 8, 13 and 18 (mod 25), omitting k ≡ 23 (mod 25), see Table 28 . Set 5 has 16 subsets valid for each k (mod 85) with the exception of k ≡ 18 (mod 85), see Tables 29 and 30 . This replicates exactly the pattern of degree 10 isomorphism classes 0 and 4. and degree 11 isomorphism class 2.
For diameter k ≡ 4 (mod 5), isomorphism class 4 has between 2 and 5 primitive generating sets, depending on the value of k. Generating sets 1 and 2 are defined by formulae valid for every k ≡ 4 (mod 5), see Table 31 . The formulae for the final three sets repeat with diameter increments of 85, 115 and 235 respectively. Set 3 has 16 subsets valid for each k (mod 85) with the exception of k ≡ 4 (mod 85), see Tables 32 and 33 . Set 4 has 22 subsets valid for each k (mod 115) with the exception of k ≡ 104 (mod 115), and set 5 has 46 subsets valid for each k (mod 235) with the exception of k ≡ 154 (mod 235). For sets 4 and 5 just one example of each is given in Table 34 .
5 Existence proof for degree 10 circulant graphs of order L CC (10, k) for all diameters k
In this section we prove the existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k. The method of proof closely follows the approach taken by Dougherty and Faber in their proof of the existence of the degree 6 graph of order L CC (6, k) [3] . For diameter class k ≡ 0 (mod 5) all stages of the proof are presented. However resolution of the residual boundary exceptions is only included for the first orthant of the solution space, as an example. The full set of boundary exception resolutions, for all orthants and all diameter classes, runs to several hundred pages. They were resolved and confirmed using a tailored computer program and are available from the author upon request. For all subsequent cases just the specifics are included to avoid unnecessary repetition.
Beforehand we note two theorems by Dougherty and Faber [3] which will be used in the proofs. For any dimension f we consider Z f with the canonical generators e i , 1 ≤ i ≤ f . For any Abelian group G generated by g 1 , ..., g f there is a unique epimorphism from Z f onto G which sends e i to g i for all i. If N is its kernel, then G is isomorphic to Z f /N , and the Cayley graph of G with the given generators is isomorphic to the Cayley graph of Z f /N with the canonical generators for Z f . When G is finite the structure of the kernel N is an f -dimensional lattice in Z f . We are interested in the case when G is the cyclic group Z n for some n ∈ N, and so rename the kernel of the corresponding epimorphism as
We have this theorem for circulant graphs of even degree.
Theorem 2. (Dougherty and Faber)
. Let L f and S f,k be as defined above. If an undirected circulant graph X of order n and degree 2f is the Cayley graph for Z n with generating set g 1 , ..., g f , then X has diameter at most k if and
Let {v 1 , . . . , v f } be a set of linearly independent vectors in Z f that generates the lattice L f , and let M be the f × f matrix (v 1 , . . . , v f ) T . Then M is called the lattice generating vectors matrix for the lattice L f , and we have
Now consider the case where X is a circulant graph of odd degree 2f + 1, so that its connection set includes the involution g m = n/2. Again let v 1 , . . . , v f be the lattice generating vectors for L f , the lattice corresponding to X. Also let v m be an extra vector associated with the involutory generator g m , defined by
The shortest path from an arbitrary vertex to any other vertex either excludes or includes a single occurrence of the involution g m . This leads to an equivalent theorem for circulant graphs of odd degree. Theorem 3. (Dougherty and Faber) Let L f , S f,k and v i be as defined above. If an undirected circulant graph X of order n and degree 2f + 1 is the Cayley graph for Z n with generating set g 1 , ..., g f , then X has diameter at most k if and only if
In this case, with
M = (v 1 , . . . , v f ) T , we have |G| = |Z f /L f | = |detM | ≤ |S f,k | + |S f,k−1 |.
Existence proof for degree 10 circulant graphs of order
First we prove the existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 0 (mod 5), with generating set 1 of Table 4 .
Theorem 4. For all k ≡ 0 (mod 5), there is an undirected Cayley graph on five generators of a cyclic group which has diameter k and order L CC (10, k), where
Moreover, a generating set is {1, (32k 3 +40k 2 +300k +125)/125, (128k 4 +160k 3 +1200k 2 − 625)/625, (128k 4 + 320k 3 + 1600k 2 + 1750k + 1250)/625, (256k 4 + 640k 3 + 3000k 2 + 3750k + 1250)/625}.
Proof. We will show the existence of five-dimensional lattices
, where S 5,k is the set of points in Z 5 at a distance at most k from the origin under the ℓ 1 (Manhattan) metric, and |Z 5 : L k | = L CC (10, k) as specified in the theorem. Then, by Theorem ??, the resultant Cayley graph has diameter at most k.
Let a = 2k/5, and let L k be defined by five generating vectors as follows:
Then the following vectors are in L k :
Hence we have e 2 = (4a 3 + 2a 2 + 6a + 1)e 1 , e 3 = (8a 4 + 4a 3 + 12a 2 − 1)e 1 , e 4 = (8a 4 + 8a 3 + 16a 2 + 7a + 2)e 1 , and e 5 = (16a 4 + 16a 3 + 30a 2 + 15a + 2)e 1 in Z 5 /L k , and so We must show that each x ∈ Z 5 is in S 5,k + L k , which means that for any x ∈ Z 5 we need to find a w ∈ L k such that x − w ∈ S 5,k . However x − w ∈ S 5,k if and only if δ(x, w) ≤ k, where δ is the l 1 metric on Z 5 . If x, y, z ∈ Z 5 and each coordinate of y lies between the corresponding coordinate of x and z or is equal to one of them, then δ(x, y) + δ(y, z) = δ(x, z). In such a case we say that "y lies between x and z".
For any x ∈ Z 5 , we reduce x by adding appropriate elements of L k until the resulting vector lies within l 1 -distance k of 0 or some other element of L k . The first stage is to reduce x to a vector whose coordinates all have absolute value at most a + 1. If x has a coordinate with absolute value above a+1, then let v be one of the vectors ±v i (1 ≤ i ≤ 16) such that the coordinates of v have the same sign as the corresponding coordinates of x. If a coordinate of x is 0 then either sign is allowed for v as long as the corresponding coordinate of v has absolute value ≤ a + 1. So if x lies in the orthant of v 8 and its e 2 coordinate is 0 then we take v 12 instead. If x lies in the orthant of v 11 and its e 4 coordinate is 0 then we take v 8 instead, unless its e 2 coordinate is also 0, in which case we take v 12 instead. If x lies in the orthant of v 13 and its e 4 coordinate is 0 then we take v 5 instead. If x lies in the orthant of v 7 and its e 1 coordinate is 0 then we take −v 13 instead, unless its e 4 coordinate is also 0, in which case we take −v 5 instead, as above. If x lies in the orthant of v 16 and its e 2 coordinate is 0 then we consider v 7 instead, with the provisos stated above.
Now consider x ′ = x − v. If a coordinate of x has absolute value s, 1 ≤ s ≤ a + 1, then the corresponding coordinate of x ′ will have absolute value s ′ ≤ a + 1 because of the sign matching and the fact that the coordinates of v have absolute value ≤ a+2. If a coordinate of x has absolute value s = 0, then as indicated above, the corresponding value of x ′ will have absolute value s ′ ≤ a + 1 because v is chosen such that the corresponding coordinate has absolute value ≤ a + 1. If a coordinate of x has absolute value s > a + 1, then the corresponding coordinate of x ′ will be strictly smaller in absolute value. Therefore repeating this procedure will result in a vector whose coordinates all have absolute value at most a + 1.
If the resulting vector x ′ lies between 0 and v, where v = ±v i for some i, then we have
All of the vectors v satisfy δ(0, v) = 5a + 1, so we have δ(0, v) = 2k + 1. Since δ(0, x ′ ) and δ(x ′ , v) are both non-negative integers, one of them must be at most k, so that x ′ ∈ S 5,k + L k . Hence we also have x ∈ S 5,k + L k as required.
Now we are left with the case where the absolute value of each coordinate of the reduced x is at most a + 1, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v. Since L k is centrosymmetric we only need to consider the 16 orthants containing v 1 , ..., v 16 . To avoid this paper being unduly long just one set of exceptions, for the orthant of v 1 , are included here as an example. A full listing of the resolution of the exceptions for all 16 orthants is available from the author on request.
Suppose that x lies within the orthant of v 1 , but not between 0 and v 1 . Then as v 1 = (a + 1, −a, −a, a, a), the second or third coordinate of x is equal to −a − 1 or the fourth or fifth coordinate equals a + 1 or any combination of these. We now distinguish 15 cases. This completes the cases for the orthant of v 1 for k ≡ 0 (mod 5). A full listing of the resolution of the exceptions for all 16 orthants is available from the author on request.
The existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 1 (mod 5), with generating set 1 of Table 6 , is proved following the same method as for Theorem 4.
Theorem 5. For all k ≡ 1 (mod 5), there is an undirected Cayley graph on five generators of a cyclic group which has diameter k and order L CC (10, k), where
Moreover, a generating set is {1, (128k 4 + 448k 3 + 1688k 2 + 3768k + 843)/625, (256k 4 + 416k 3 + 2816k 2 + 2346k + 416)/625, (256k 4 + 576k 3 + 3136k 2 + 3976k + 1431)/625, (384k 4 + 864k 3 + 4504k 2 + 5614k + 1134)/625}.
, where S 5,k is the set of points in Z 5 at a distance of at most k from the origin under the ℓ 1 (Manhattan) metric, and |Z 5 : L k | = L CC (10, k) as specified in the theorem. Then, by Theorem ??, the resultant Cayley graph has diameter at most k.
Let a = (2k + 3)/5, and let L k be defined by five generating vectors as follows:
Hence we have e 2 = (8a 4 − 8a 3 + 14a 2 − 3)e 1 , e 3 = (16a 4 − 28a 3 + 44a 2 − 27a + 5)e 1 , e 4 = (16a 4 − 24a 3 + 40a 2 − 20a + 3)e 1 , and e 5 = (24a 4 − 36a 3 + 58a 2 − 29a + 3)e 1 in Z 5 /L k , and so Thus Z 5 /L k is isomorphic to Z L CC (10,k) via an isomorphism taking e 1 , e 2 , e 3 , e 4 , e 5 respectively to 1, 8a 4 − 8a 3 + 14a 2 − 3, 16a 4 − 28a 3 + 44a 2 − 27a + 5, 16a 4 − 24a 3 + 40a 2 − 20a + 3, 24a 4 − 36a 3 + 58a 2 − 29a + 3. As a = (2k + 3)/5 this gives the generating set specified in the theorem: {1, (128k 4 + 448k 3 + 1688k 2 + 3768k + 843)/625, (256k 4 + 416k 3 + 2816k 2 + 2346k + 416)/625, (256k 4 + 576k 3 + 3136k 2 + 3976k + 1431)/625, (384k 4 + 864k 3 + 4504k 2 + 5614k + 1134)/625}.
It remains to show that
, it is straightforward to show directly that Z 2380 with generators 1, 555, 860, 951, 970 has diameter 6. So we assume k ≥ 11, so that a ≥ 5. Now let
Then the 32 vectors ±v i for i = 1, ..., 16 provide one element of L k lying strictly within each of the 32 orthants of Z 5 . All of the coordinates of these vectors have absolute value at most a + 1. As in the proof of Theorem 4 any vector x is reduced to a vector x ′ with coordinates with absolute value at most a+ 1 by successively subtracting appropriate vectors v = ±v i . If a coordinate of x is 0 then either sign is allowed for v as the corresponding coordinate of v has absolute value ≤ a + 1.
All of the vectors v satisfy δ(0, v) = 5a − 2, so we have δ(0, v) = 2k + 1. Hence x ′ ∈ S 5,k + L k , so that x ∈ S 5,k + L k as required. Now we are left with the case where the absolute value of each coordinate of the reduced x is at most a + 1, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v.
Existence proof for degree 10 circulant graphs of order
For graphs of diameter k ≡ 2 (mod 5) there is no single generating set valid for all diameters. Therefore we must consider in turn the three subcases k ≡ 2, 7 and 12 (mod 15). First the existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 2 (mod 15), with generating set 1 of Table 7 , is proved. Proof. We will show the existence of five-dimensional lattices
Let a = (2k − 4)/15, and let L k be defined by five generating vectors as follows: 
= (3a + 1, 3a + 2, 3a + 2, 3a, −3a)
= (3a, 3a + 1, 3a + 1, −3a − 2, −3a − 1).
Then the 32 vectors ±v i for i = 1, ..., 16 provide one element of L k lying strictly within each of the 32 orthants of Z 5 . Most of the coordinates of these vectors have absolute value at most 3a + 2. Only ±v 3 have one coordinate with absolute value equal to 3a + 3. As in the proof of Theorem 4 any vector x is reduced to a vector x ′ with coordinates with absolute value at most 3a + 2 by successively subtracting appropriate vectors v = ±v i . If a coordinate of x is 0 then either sign is allowed for v as the corresponding coordinate of v has absolute value ≤ 3a + 2. So if the e 4 coordinate of x is 0 then we avoid v 3 and take v 13 instead.
All of the vectors v satisfy δ(0, v) = 15a + 5, so we have δ(0, v) = 2k + 1. Hence x ′ ∈ S 5,k + L k , so that x ∈ S 5,k + L k as required. Now we are left with the case where the absolute value of each coordinate of the reduced x is at most 3a + 2, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v.
5.4
Existence proof for degree 10 circulant graphs of order L CC (10, k) for all diameters k ≡ 7 (mod 15)
For graphs of diameter k ≡ 2 (mod 5) we now consider the second subcase where k ≡ 7 (mod 15). The existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 7 (mod 15), with generating set 1 of Table 7 , is proved in the following theorem.
Theorem 7. For all k ≡ 7 (mod 15), there is an undirected Cayley graph on five generators of a cyclic group which has diameter k and order L CC (10, k), where
Moreover, a generating set is {1, (128k 4 + 256k 3 + 1192k 2 + 1064k + 883)/625, (512k 5 + 640k 4 +3200k 3 −2520k 2 −8510k −12624)/9375, (512k 5 +640k 4 +5600k 3 +1080k 2 +4540k − 6699)/9375, (512k 5 + 640k 4 + 5600k 3 + 1080k 2 + 12040k − 2949)/9375}.
Let a = (2k + 1)/15, and let L k be defined by five generating vectors as follows:
Hence we have e 2 = (648a 4 + 90a 2 + 1)e 1 , e 3 = (1296a 5 − 216a 4 + 144a 3 − 42a 2 − 3a − 1)e 1 , e 4 = (1296a 5 − 216a 4 + 252a 3 − 42a 2 + 6a − 1)e 1 , and e 5 = (1296a 5 − 216a 4 + 252a 3 − 42a 2 + 12a − 1)e 1 in Z 5 /L k , and so
, as in the statement of the theorem.
Thus Z 5 /L k is isomorphic to Z L CC (10,k) via an isomorphism taking e 1 , e 2 , e 3 , e 4 , e 5 respectively to 1, 648a 4 + 90a 2 + 1, 1296a 5 − 216a 4 + 144a 3 − 42a 2 − 3a − 1, 1296a 5 − 216a 4 + 252a 3 − 42a 2 + 6a − 1, 1296a 5 − 216a 4 + 252a 3 − 42a 2 + 12a − 1. As a = (2k + 1)/15 this gives the generating set specified in the theorem: {1, (128k 4 + 256k 3 + 1192k 2 + 1064k + 883)/625, (512k 5 +640k 4 +3200k 3 −2520k 2 −8510k−12624)/9375, (512k 5 +640k 4 +5600k 3 + 1080k 2 + 4540k − 6699)/9375, (512k 5 + 640k 4 + 5600k 3 + 1080k 2 + 12040k − 2949)/9375}.
It remains to show that
it is straightforward to show directly that Z 4551 with generators 1, 739, 1178, 1295, 1301 has diameter 7, and also that Z 962325 with generators 1, 53299, 300932, 303875, 303893 has diameter 22. So we assume k ≥ 37, so that a ≥ 5. Now let
= (3a, −3a + 1, 3a + 1, −3a, −3a)
= (3a, −3a, 3a, 3a + 1, 3a − 1).
Then the 32 vectors ±v i for i = 1, ..., 16 provide one element of L k lying strictly within each of the 32 orthants of Z 5 . Most of the coordinates of these vectors have absolute value at most 3a + 1. Only ±v 4 have one coordinate with absolute value equal to 3a + 2. As in the proof of Theorem 4 any vector x is reduced to a vector x ′ with coordinates with absolute value at most 3a + 2 by successively subtracting appropriate vectors v = ±v i . If a coordinate of x is 0 then either sign is allowed for v as long as the corresponding coordinate of v has absolute value ≤ 3a + 1. So if the e 4 coordinate of x is 0 then we avoid v 4 and take v 1 instead.
If the resulting vector x ′ lies between 0 and v, where v = ±v i for some i, then we have δ(0, x ′ ) + δ(x ′ , v) = δ(0, v). All of the vectors v satisfy δ(0, v) = 15a, so we have δ(0, v) = 2k + 1. Hence x ′ ∈ S 5,k + L k , so that x ∈ S 5,k + L k as required. Now we are left with the case where the absolute value of each coordinate of the reduced x is at most 3a + 1, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v.
5.5 Existence proof for degree 10 circulant graphs of order L CC (10, k) for all diameters k ≡ 12 (mod 15)
For graphs of diameter k ≡ 2 (mod 5) we now consider the third subcase where k ≡ 12 (mod 15). The existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 12 (mod 15), with generating set 2 of Table 7 , is proved following the same method. Proof. We will show the existence of five-dimensional lattices
Let a = (2k + 6)/15, and let L k be defined by five generating vectors as follows:
Hence we have e 2 = (648a 4 − 864a 3 + 522a 2 − 156a + 19)e 1 , e 3 = (1296a 5 − 1944a 4 + 1332a 3 − 474a 2 + 78a − 3)e 1 , e 4 = (1296a 5 − 1944a 4 + 1332a 3 − 474a 2 + 84a − 5)e 1 , and e 5 = (1296a 5 − 1944a 4 + 1440a 3 − 582a 2 + 129a − 12)e 1 in Z 5 /L k , and so It remains to show that S 5,k + L k = Z 5 . For k = 12, it is straightforward to show directly that Z 53025 with generators 1, 5251, 19281, 19291, 19806 has diameter 12. So we assume k ≥ 27, so that a ≥ 4. Now let
Then the 32 vectors ±v i for i = 1, ..., 16 provide one element of L k lying strictly within each of the 32 orthants of Z 5 . Most of the coordinates of these vectors have absolute value at most 3a. Only ±v 13 have one coordinate with absolute value equal to 3a + 1. As in the proof of Theorem 4 any vector x is reduced to a vector x ′ with coordinates with absolute value at most 3a by successively subtracting appropriate vectors v = ±v i . If a coordinate of x is 0 then either sign is allowed for v as long as the corresponding coordinate of v has absolute value ≤ 3a. So if the e 4 coordinate of x is 0 then we avoid v 13 and take v 3 instead.
All of the vectors v satisfy δ(0, v) = 15a − 5, so we have δ(0, v) = 2k + 1. Hence x ′ ∈ S 5,k + L k , so that x ∈ S 5,k + L k as required. Now we are left with the case where the absolute value of each coordinate of the reduced x is at most 3a, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v.
5.6 Existence proof for degree 10 circulant graphs of order L CC (10, k) for all diameters k ≡ 3 (mod 5)
The existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 3 (mod 5), with generating set 1 of Table 8 , is proved following the same method.
Theorem 9. For all k ≡ 3 (mod 5), there is an undirected Cayley graph on five generators of a cyclic group which has diameter k and order L CC (10, k), where Proof. We will show the existence of five-dimensional lattices
Let a = (2k − 1)/5, and let L k be defined by five generating vectors as follows:
Hence we have e 2 = (8a 4 + 8a 3 + 14a 2 − 3)e 1 , e 3 = (16a 4 + 24a 3 + 40a 2 + 20a + 3)e 1 , e 4 = (16a 4 + 28a 3 + 44a 2 + 27a + 5)e 1 , and e 5 = (24a 4 + 36a 3 + 58a 2 + 29a + 3)e 1 in Z 5 /L k , and so 
= (a, a + 1, −a, a + 2, a − 1)
Then the 32 vectors ±v i for i = 1, ..., 16 provide one element of L k lying strictly within each of the 32 orthants of Z 5 . Most of the coordinates of these vectors have absolute value at most a + 1. However vectors ±v 1 , ±v 2 , ±v 5 , ±v 7 , ±v 8 and ±v 13 each have one coordinate with absolute value equal to a + 2. As in the proof of Theorem 4 any vector x is reduced to a vector x ′ with coordinates with absolute value at most 3a by successively subtracting appropriate vectors v = ±v i . If a coordinate of x is 0 then either sign is allowed for v as long as the corresponding coordinate of v has absolute value ≤ a + 1. So if x lies in the orthant of v 1 and its e 1 coordinate is 0 then we take −v 11 instead. If x lies in the orthant of v 2 and its e 3 coordinate is 0 then we take v 11 instead. If x lies in the orthant of v 7 and its e 4 coordinate is 0 then we take v 3 instead. If x lies in the orthant of v 13 and its e 5 coordinate is 0 then we take v 7 instead, unless its e 4 coordinate is also 0, in which case we take v 3 instead, as above. If x lies in the orthant of v 8 and its e 3 coordinate is 0 then we consider v 1 instead, with the provisos stated above. Finally if x lies in the orthant of v 5 and its e 4 coordinate is 0 then we consider v 8 instead, with the provisos stated above.
If the resulting vector x ′ lies between 0 and v, where v = ±v i for some i, then we have δ(0, x ′ ) + δ(x ′ , v) = δ(0, v). All of the vectors v satisfy δ(0, v) = 5a + 2, so we have δ(0, v) = 2k + 1. Hence x ′ ∈ S 5,k + L k , so that x ∈ S 5,k + L k as required. Now we are left with the case where the absolute value of each coordinate of the reduced x is at most a + 1, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v.
5.7
Existence proof for degree 10 circulant graphs of order L CC (10, k) for all diameters k ≡ 4 (mod 5)
The existence of the degree 10 circulant graph of order L CC (10, k) for all diameters k ≡ 4 (mod 5), with generating set 1 of Table 15 , is proved following the same method.
Theorem 10. For all k ≡ 4 (mod 5), there is an undirected Cayley graph on five generators of a cyclic group which has diameter k and order L CC (10, k), where Proof. We will show the existence of five-dimensional lattices
Let a = (2k + 2)/5, and let L k be defined by five generating vectors as follows:
Hence we have e 2 = (4a 3 − 2a 2 + 6a − 1)e 1 , e 3 = (8a 4 − 4a 3 + 12a 2 − 1)e 1 , e 4 = (8a 4 − 8a 3 + 16a 2 − 7a + 2)e 1 , and e 5 = (16a 4 − 16a 3 + 30a 2 − 15a + 2)e 1 in Z 5 /L k , and so Then the 32 vectors ±v i for i = 1, ..., 16 provide one element of L k lying strictly within each of the 32 orthants of Z 5 . Most of the coordinates of these vectors have absolute value at most a+ 1. Only ±v 13 have one coordinate with absolute value equal to a+ 2. As in the proof of Theorem 4 any vector x is reduced to a vector x ′ with coordinates with absolute value at most 3a by successively subtracting appropriate vectors v = ±v i . If a coordinate of x is 0 then either sign is allowed for v as long as the corresponding coordinate of v has absolute value ≤ a + 1. So if the e 1 coordinate of x is 0 then we avoid v 13 and take −v 7 instead.
If the resulting vector x ′ lies between 0 and v, where v = ±v i for some i, then we have δ(0, x ′ ) + δ(x ′ , v) = δ(0, v). All of the vectors v satisfy δ(0, v) = 5a − 1, so we have δ(0, v) = 2k + 1. Hence x ′ ∈ S 5,k + L k , so that x ∈ S 5,k + L k as required. Now we are left with the case where the absolute value of each coordinate of the reduced x is at most a + 1, and x is in the orthant of v, where v = ±v i for some i ≤ 16 but does not lie between 0 and v.
Conclusion
As we have seen, the formulae for the order of the largest-known degree 10 and 11 circulant graphs are quintic polynomials in the diameter k which depend on the value of k (mod 5). This divides the solution space into five families for degree 10 and another five for degree 11. For each of these 10 families there is a unique isomorphism class with the exception of degree 11, diameter k ≡ 1 (mod 5) for which there are two. For eight of these eleven cases there is also at least one family of primitive generating sets which is valid for every diameter, so that it repeats every 5. The other families require at least two sets or subsets to cover all diameters. For example the degree 10 familiy for diameter 2 (mod 5) requires both generating sets 1 and 2, and degree 11 family 1a requires all five subsets of generating set 1. Table 12 summarises the primitive generating set families for each isomorphism class of graph families. Generating set families that are valid for every diameter of the class are represented by 1/5 where c/b means that there are c sets of formulae each valid for a particular k (mod b).
These families of undirected circulant graphs of dimension 5, degrees 10 and 11, are conjectured to be extremal for all diameters above a threshold. The existence of the degree 10 graphs has been proved for all diameters, and the existence of the degree 11 graphs may be proved similarly. They are consistent with Conjecture 1, that for any degree d ≥ 2 and corresponding dimension f , the first two coefficients of the polynomial formula in the diameter k for the order of an extremal family of Abelian Cayley or circulant graphs are a multiple R f = 2 f −1 (f !/f f ) of the respective coefficients of the Abelian Cayley graph upper bound M AC (d, k).
If the conjecture is valid, then for dimension 6 and 7 this would give the following formulae for extremal circulant graph order for degree d and arbitrary diameter k above some threshold value: It remains to be confirmed that any such graph families exist. Establishing the extremal Abelian Cayley and circulant graph order conjecture, Conjecture 1, as either a lower bound or an upper bound would also represent an important advance in this field. (c5 c4 c3 c2 c1 c0)/b = (c5a 5 + c4a 4 + c3a 3 + c2a 2 + c1a + c0)/b where a = 4k/5
Degree 11, diameter k ≡ 1, isomorphism class 1a 
